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Abstract. In this paper a problem of controlling a lower limb exoskeleton during sit-to-stand motion 

(verticalization) in sagittal plane is studied. It is assumed that left and right sides of the exoskeleton are 

moving symmetrically. The main challenge in performing this motion is to maintain balance of the sys-

tem. In this paper we use the zero-moment point (ZMP) methodology to produce desired trajectories for 

the generalized coordinates that would allow the system to remain vertically balanced. The limitations 

of this approach is that, it requires relatively accurate work of the feedback controller that ensures that 

the exoskeleton follows generated trajectories. In this work we use Iterative Linear Quadratic Regulator 

(ILQR) as a feedback controller in order to obtained the required accuracy. In the paper a way of trajec-

tory generation that uses ZMP methodology is discussed, the results of the numerical simulation of the 

exoskeleton motion are presented and analyzed. A comparison between a natural human motion (for a 

human not wearing an exoskeleton) and the simulated motion of an exoskeleton using the proposed 

algorithm is presented. 

Key words: lower limb exoskeleton, sit-to-stand motion, ZMP trajectory generation, iterative linear 
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1 Introduction 

Exoskeleton development is an important research topic in robotics with a wide 

range of practical applications. Exoskeletons have been used for providing assis-

tance to elderly and disabled people, rehabilitation, and for enhancing the perfor-

mance of industrial workers and combatants. There are different challenges associ-

ated with those applications. The main problem is the necessity to guarantee the 

safety of the human [1, 2]. 

There are many aspects of safety problem for exoskeleton wearers, many of them 

are discussed in article [2]. One of the most crucial safety problems is maintaining 

vertical balance of the exoskeleton. A popular approach to solving this problem for 

walking robots is the use of zero-moment point (ZMP) control [3]. The methodol-
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ogy of ZMP control as applied to bipedal robot and exoskeleton is discussed in pa-

pers [4-8]. Publication [9] presents the use of ZMP control to a lower limb exoskel-

eton during sit-to-stand motion. As stated in paper [5] some realizations of ZMP 

control can be criticized for lack of adaptive properties; and as mentioned in [10], 

the fact that ZMP method is often implemented using a simplified model of the 

system can lead to additional control errors. We note that solutions to both of these 

problems are proposed in the same papers. Paper [11] describes the implementation 

of optimization-based control that uses information about the ZMP position, which 

was used on the Atlas robot during the DARPA Robotics Challenge. While this 

approach is computationally intensive for an on-board system, it can provide a way 

to further improve the safety of lower-limb exoskeletons, especially in the case of 

assistive exoskeletons for paraplegic patients. 

In this paper we focus on sit-to-stand motion. The execution of this motion puts 

high demands on the exoskeleton’s control system, making the problems discussed 

above more challenging. For medical and assistive exoskeletons the task of standing 

up has additional importance, because its automation removes the need of human 

assistance for exoskeleton users [12-13]. Publications [12-17] discuss different as-

pects of sit-to-stand motion, including problems of control. Adaptive feedback con-

trollers for exoskeletons performing sit-to-stand motion are studied in papers [18-

19]. 

The goal of this paper is to study a control strategy uses ZMP trajectory generator 

and Iterative Linear Quadratic Regulator (ILQR). 

2 Description of the exoskeleton 

An exoskeleton consists of the following basic elements: 1 – a corset that fixes 

the exoskeleton to the patient’s body by means of straps, 2 – thigh links installed on 

the corset by means of two two-axes hinges, one of which is equipped with an elec-

tric drive, 3- shin link fixed onto the hips by means of actuated rotary joint, 4- feet 

links attached to the shin by means of a three-axes hinge, two of which are equipped 

with rotary electric drives. All the electric drives have current sensors, which allow 

us to control the values of torques generated by these electric drives. 
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Fig. 1 General view of the exoskeleton (3D model) 1- exoskeleton torso, 2 – thigh link, 3 – shin 

link, 4 – foot link, 5-9 – connecting belts. 

All the hinges of the exoskeleton are equipped with rotation angle sensors (ab-

solute encoders), and each motor’s rotor is additionally equipped with an incremen-

tal encoder. The feet contain pressure sensors that measure normal reactions. Infor-

mation from the sensors is preprocessed using onboard microcontrollers and then 

the data is send to the onboard PC that realizes the control system. 

3 Mathematical model of the exoskeleton 

In this chapter, we consider a mathematical model of the lower limb exoskeleton 

performing sit-to-stand motion in the sagittal plane. We make an assumption that 

during the sit-to-stand motion both leg links, as well as all the thigh links move 

parallel to each other. We assume that the feet remain motionless for the whole 

duration of verticalization. This allows us to model the exoskeleton as a four link 

serial mechanism, as shown in fig. 2. 
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Fig. 2 Analytical diagram of the exoskeleton; 1-4 – first – fourth links. 

On the diagram in fig. 2 points 2O - 4O  are rotational joints that connect the links, 

points 1C - 4C  are the centers of mass of the corresponding links, 2ϕ - 4ϕ  are the 

angles that determine the orientation of the corresponding links. The i-th link has 

mass im , length il  and inertia iI . The mass of the whole mechanism is denoted as 

∑
=

=
4

1i
imm . 

Using the introduced notations we can write the equation that describes the po-

sition of the center of mass of the mechanism: 
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where CC yx ,  are the Cartesian coordinates of the robot’s center of mass, 

11, OO yx  are the coordinates of point 1O  (the tip of the foot). Coefficients iK  are 

given as follows: 

 ( ) mmMlK /5.0 111 −= , (2) 

 ( ) mmmmlK /5.0 43222 ++= , (3) 

 ( ) mmmlK /5.0 4333 += , (4) 

 mmlK /5.0 444 = . (5) 
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To write the equations of motion we introduce a vector of generalized coordi-

nates q
r

: 

 
[ ]Τ= 432 ϕϕϕq

r

. (6) 

The dynamics of the robot then can be described by the following equations: 
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where T
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inertia matrix, ( )qqC
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of generalized gravitational forces, ( )q
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Φ  - vector of generalized dissipative forces, 
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r
 is a vector whose components are the torques of the 

motors, Η  is a matrix connecting the torques of the motors with generalised forces 

they generate. The joint space inertia matrix ( )q
r

Λ  can be found as the matrix of the 

quadratic form of kinetic energy ( ) ( )
2

2 ,

q

qqT
q r

r
&

r
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∂

∂
=Λ , where T  is the kinetic energy 

of the system (see [20] for a complete treatment of these equations, and [21] for 

notation). The scalar form of the presented equations can be found in paper [22]. 

In the following chapters we will be considering the case when vector M
r

 is a 

function of control error. 

For some of the formulations in the next chapter we need to write the dynamics 

in the state-space form. To do that we introduce a state vector s
r

: 
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Using this notation we can write the following equations of motion in vector 

form: 
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The system of first-order ordinary differential equations (ODE) (9) can be used 

to simulate motion of the exoskeleton for given M
r

. in chapter 4.2 this system of 

equations will be used to derive Iterative Linear Quadratic Regulator (ILQR). 

4 Control system design 

In this chapter we discuss the proposed control system design. In the first part 

we the method of trajectory generation for the center of mass (CoM) during sit-to-

stand motion. The method allows us to move zero moment point (from here onwards 

we denote it as point P) towards the center of the support polygon. In the second 

part we look at the augmented ZMP Control strategy. 

4.1 ZMP trajectory generation 

Establishing the desired trajectory of the CoM of the mechanism can be used as 

a step in formulating verticalization control task [18-19, 23]. The ZMP methodol-

ogy presents tools to find the CoM’s trajectory that allows the zero moment point P 

to stay within the support polygon. For the model described in the previous chapter 

the position of point P can be found from the following expression: 
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where g  is the gravitational acceleration. 

Point P should stay within the support polygon in order to maintain the mecha-

nism’s balance, which means that the following inequalities should hold: 

 ( ) ( ) 111 OPO xtxlx <<− , ]0[ ftt ∈  (11) 

where ft  is the duration of sit-to-stand motion. 

We define the desired trajectory for point P in the following way: 
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where kz  are polynomial coefficients given by the following expressions: 
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where ( )0Px  is the initial position of point P. 

Assuming that the desired motion of the CoM in the vertical direction ( )tyC
*  is 

given, for example as a polynomial function as was done in [18], we can use (10) 

and (12) to write an equation that can be solved for the CoM acceleration in the 

horizontal direction: 
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To find *
iϕ&&  we can use the following derivation: 
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where 
Τ= ][ 4ϕCCt yxr

, 
Τ= ][ *

4
*** ϕ&&&&&&&& CCt yxr

 and 
Τ= ][ *

4
*** ϕ&&&& CCt yxr

. 

After substituting (16) into (15), we obtain a second order linear ODE that can 

be solved numerically or analytically to obtain the desired trajectory ( )txC
* . In prac-

tice it might be beneficial to add a damping term to the equation to decrease the 

oscillations in the solution. 

4.2 Iterative Linear Quadratic Regulator 

Using the method of trajectory generation for the CoM described above it is pos-

sible to build a control system that drives the CoM along that trajectory. Fig. 3 

shows a design of such a control system. 



8 S.Jatsun, S. Savin and A. Yatsun 

 

Fig. 3 ZMP control design. 

The CoM Trajectory Generator module determines ( )txC
*  and its derivatives by 

solving (15); the Inverse Kinematics module finds values of generalized coordinates 

that cause the CoM to move along the desired trajectory. The analytical solution of 

this problem can be found in [18]. The Robot module represents the dynamics of 

the mechanism as described by (7). The ZMP Finder module uses (10) to find the 

ZMP’s current position. Vector e
r

 is the control error, and it is determined as 

sse
rrr

−= * . 

The work of the ILQR module is described below. ILQR is an iterative control 

algorithm that requires local linearization of the system model (for detailed descrip-

tion see [23]). Here we consider the case when the new linearization is made on 

every iteration. The linearized model of the system has form: 

 bMss
rrrr

& ++= BA , (18) 

where sf
rr

∂∂=A , Mf
rr

∂∂=B  (both evaluated at the point )(* tss
rr

= ), b
r

 is 

the vector that describes the difference between the actual model of the system and 

its linearized version. Vector b
r

 can be found using the following expression: 

 
( ) Mssfb

rrrrr
BA −−=

, (19) 

Vector function )(* ts
r

 denotes the desired position of the system and it has form: 

 Τ= ])()([)( *** tqtqts
r&rr

. (20) 

We define quadratic cost function J : 

 ∫ −−+−−= ΤΤ dtMMMMssssJ )]()()()[( ****
rrrrrrrr

RQ
, (21) 

where Q  and R  are quadratic positive-definite matrices of proper dimensions. 

Using the standard procedure we can find the gain matrix K  (see for complete 

treatment of the LQR problem see [24]). The control action then takes the following 

form: 
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where ),,( ***** qqqMM &&r&rrrr
=  is the compensating control action that depends on 

the desired position of the system. It can be found by substituting desired values for 

generalized coordinates and their first two derivatives into (7), and then solving for 

*
M
r

: 
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We cab observe that substituting (22) into (21) gives us another form of the cost 

function J : 

 ∫ −+−= ΤΤ dtssssJ ))(()( ** rrrr
RKKQ , (24) 

The equation (22) describes the work of the ILQR module on the diagram on the 

fig. 3. 

5 Numerical simulation results 

Let us first consider the case when the zero moment point P lies within the sup-

port polygon at the beginning of the motion. In that case only normal ZMP trajec-

tory generation and ILQR controller are working during the motion. In the fig. 4 the 

time functions of actual and desired position of P, as well as horizontal displacement 

of the center of mass, are shown. 
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Fig. 4 Graphs of desired and actual position of point P for the case when verticalization; 1 – desired 

position of point P, 2 – actual position of point P, 3 – horizontal displacement of the center of mass 

We should note that the actual position of the point P is different from its desired 

position because of control error and. The graphs in fig. 4 show that both desired 

and actual position of point P lies within interval ]2.00[ , which represents robot’s 

support polygon in this planar case. As we can see the center of mass and the point 

P are moving in the same manner and their graphs are relatively similar. It suggests 

this case it would be possible to control position of the center of mass instead of 

point P (as it was done in [25, 26]). 

To review the influence of the verticalization time on the performance of the 

controller let us consider the case when the sit-to-stand motion takes 2 seconds. In 

the fig. 5 the same graphs are shown for this case. 

 

 

Fig. 5 Graphs of desired and actual position of point P for the case when verticalization; 1 – desired 

position of point P, 2 – actual position of point P, 3 – horizontal displacement of the center of mass 

Graphs in the fig. 5 show that the center of mass and the point P are now moving 

in different way; the center of mass still monotonically moves towards the center of 

the support polygon, but the point P moves away from it for the first 0.8 seconds 

(40% of the duration of the motion). The fact that changing duration of the sit-to-

stand process has this influence on the performance of the control system is ex-

plained by the fact that faster raise requires bigger accelerations of the joints, lead-

ing to bigger inertial forces. 

We can note that the center of mass moves towards the center of the support 

polygon without oscillations. The fact that the generated desired value for the center 

of mass position has no oscillations allows the control system to generate desired 

time dependencies for generalized coordinates demonstrate relatively slow rate of 

change, which makes the feedback control easier.  
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6 Comparison with natural human motion 

In this section we compare the motion of the system that uses ZMP controller 

with the natural human motion during verticalization. For the experimental studies 

a sensor system “ExoMeasurer” build in Southwest State University was used. Ex-

oMeasurer is an exoskeleton that can be fixed to a human with straps and belts. The 

links have variable lengths, which allows to use the sensor system on individuals of 

different height. The system includes rotation sensors, accelerometers and pressure 

sensors, which allows to calculate the orientation and motion parameters of the ex-

oskeleton, determine whether or not the feet have are in contact with the ground. 

The questions of determining the positions of the centers of mass of different 

parts of human body are discussed in medical literature, here [27] was used as a 

reference. 

On the figure 6 the trajectory of the center of mass of a human during sit-to-stand 

motion is shown. 

 

Fig. 6 Center of mass’s trajectory; 1 – experimental results, 2 – motion of the exoskeleton obtained 

through simulation. 

As we can see, the control system attempts to move the center of mass of the 

mechanism the same way as a human does during verticalization. The human’s mo-

tion is characterized by wider motion of the center of mass, with visible oscillations. 

The center of mass trajectory produced by the ZMP based control system is more 

conservative and does not show oscillation. 

7 Conclusion 

In this paper a control system design for a lower limb exoskeleton was consid-

ered. To generate the trajectory of the center of mass of the exoskeleton ZMP meth-

odology was used. Using the obtained desired trajectory for the center of mass the 



12 S.Jatsun, S. Savin and A. Yatsun 

trajectories for joint angles were produced using inverse kinematics. The feedback 

control was implemented with iterative linear quadratic regulator. Use of that regu-

lator allowed to maintain small control error which made it possible to realize mo-

tion along the trajectory obtained from ZMP method. A drawback of the ILQR is 

the high computational intensity, which makes it necessary to use an onboard com-

puter to do the computations. 

In the paper the results of the numerical simulation of the exoskeleton motion are 

presented and analyzed. It is shown that the duration of the verticalization has sig-

nificant influence of the behavior of the control system. Obtained results suggest 

that for a slower verticalization time it may not be necessary to control the position 

of the zero-moment point and that controlling horizontal displacement of the center 

of mass instead might be sufficient for maintaining vertical balance, because the 

two values behave in a similar manner. For faster sit-to-stand motion it is shown 

that the trajectory of the horizontal displacement of the center of mass significantly 

differs from the position of the zero moment point. 

A comparison between natural human motion (for a human not wearing an exo-

skeleton) and the motion of a human in an exoskeleton is presented. It is shown that 

the trajectory of the center of mass of a human (without exoskeleton) during verti-

calization is similar to the same trajectory exoskeleton model that uses ZMP trajec-

tory generation. At the same time natural human motion shows more oscillatory and 

less conservative behavior. 

We should note that this study did not take into account inaccuracy of the sensors. 

This may limit the application of the obtained results for the cases when an exoskel-

eton is equipped with sensors that introduce significant disturbance in the feedback 

channel. 

The future work includes studying the influence the update rate of ILQR has on 

the behavior of the control system and applying the proposed method to control a 

physical model of a lower limb exoskeleton. 
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