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Abstract. The design of a suitable controller that handles robot-human interaction is one of the
critical tasks in rehabilitation robotics. For this purpose, an accurate model of the robot is required.
The Universal Haptic Pantograph (UHP) is a novel upper limb rehabilitation robot that can be configured to perform arm or wrist exercises. This work is focused on the latter, solving the kinematic
model by the use of the closure loop equations, while Lagrangian formulation is used to estimate
the interaction force. In order to prove the effectiveness of the model, several experimental tests
are carried out. Results demonstrate that the mean motion error is less than 1mm, and the estimated
force error less than 10%.
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1 Introduction
Cerebrovascular diseases are the third most reason of death and the first cause of
physical disability. Every year, more than 15 million strokes are diagnosed, and
near 33 million people have disabilities due to the sequels of stroke [3, 13].
Hemiplegia is one of the most common stroke sequels, i.e. complete or partial
paralysis of one side of the body. Currently, there is no surgical or pharmacological
treatment, but according to various researches, thanks to brain plasticity, patients
may recover most of their abilities by performing proper rehabilitation exercises
[5, 10]. However, these treatments are time consuming and requiere constant supervision of a physiotherapist to prove effective, which increases their economic cost,
and lead to the reduction of rehabilitation times.
In recent years, rehabilitation robots have been proposed as a complement to
traditional physiotherapy approaches [17]. Robots emulate and replicate the motions and forces produced by a physiotherapist, executing longer, more accurate and
higher frequency treatments. In addition, robots can be used as a measurement tool
that quantifies forces and/or movements, with the objective of evaluating patients
progress and adapting the exercises to their needs. And using a graphical interface,
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a virtual reality environment can be built, so that the patient is encouraged to continue with the rehabilitation process.
The first rehabilitation robots were designed in the late eighties, and since then,
many more have been proposed [1, 6]. Although there have been important advances
in the area, there are still unresolved issues that need further studies, such as the
design of appropriate, robust and safe control.
In the literature, several approaches are proposed to control the human-robot
interaction in rehabilitation robotics: force control [14], computed torque control
[9], admittance control [15], impedance control [2, 12] or algorithms using EMG
signals [4, 11]. However, the implementation of these controllers requires, in most
cases, a proper mathematical model of the robotic device, and the use of expensive
force sensors.
In this article, kinematic and dynamic models of the Universal Haptic Pantograph
(UHP) [8] are presented. The UHP is an upper limb rehabilitation robot with the
ability to change its structure to perform different training exercises. This work is
focused on one of the most complex modes, on the so-called Wrist mode, which
is used to execute wrist training exercises. The developed models will be used to
implement sensorless control approaches, with the goal of estimating the humanrobot interaction force and motion during the rehabilitation exercises.
The article is organized as follows: in section II the UHP rehabilitation robot
is described; in section III its kinematic and dynamic models are obtained for the
Wrist mode; in section IV, to validate the models, several experimental cases are
carried out; finally, the most important ideas and future work are summarized in the
conclusions.

2 Universal Haptic Pantograph
The Universal Haptic Pantograph (UHP) robot is designed to execute upper limb
training rehabilitation exercises after a stroke [7, 8]. One of the main advantages
of the UHP is the possibility to vary its mechanical structure by using lockable/unlockable joints, allowing different types of exercises with the same robot.
This way, the UHP can perform rehabilitation of the shoulder, elbow and the wrist
by proper configuration of the robot.
Among the upper limb rehabilitation robots, the rehabilitation of the wrist is
one of the more complex and least developed. The UHP provides a mechanical
configuration that allows to perform pronation/supination, radial/unradial and flexion/extension wrist movements.
In order to allow these motions, the UHP is designed as the coupling of two
subsystems. The interaction with the patient is carried out by a Pantograph structure
(Fig. 1), while its actuation (i.e. the force feedback and sensing) is carried out by two
perpendicular SEAs (Series Elastic Actuator). As both subsystems are connected,
the torque exerted by the motors (τm ) and the force exerted by the patient (FCn )
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are transmitted bilaterally between both subsystems in the form of force (FTr ) and
motion (xTr ).

FTr

τm
XTr
SEA

PANTOGRAPH

Fig. 1 Universal Haptic Pantograph (UHP)

The drive system is composed by two perpendicular SEAs with two Maxon 40
rotative motors (m1 and m2 ), four elastic springs (SA , SB , SC and SD ) and a series
of pulleys. The SEA subsystem is connected to the Pantograph in the transmission
point (PTr ) (Fig. 2).
Force and motion transmission is carried out by using cables so that force (FTr )
and motion (xTr ) is transmitted to the Pantograph in two perpendicular directions (x
and y). This way, motor m1 and springs SA and SC actuate in the x direction of PTr
(xTr ), while motor m2 , SB and SD actuate in the y axis direction (yTr ).
The Pantograph (Fig. 3) is composed by a fixed structure, three mobile bars (actuated, transverse and parallel), and five joints (spherical joint PE , lockable universal
joint PF , revolute joint PG , lockable revolute joint PH and lockable universal joint
PI ). The actuated bar is composed by three elements (E1 , E2 , E3 ), separated by a
variable length slider and a PF universal joint.
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Fig. 2 Series Elastic Actuator (SEA)

In Wrist mode, joint PH is partially locked and joint PI is fully locked. Therefore,
the parallel bar is always normal to the fixed structure, and the transverse bar (ET ) is
−−−→
locked in parallel to the fixed structure, but allowing rotations along its axis PH PG
(i.e., l10 is constant). In order to allow actuated bar motion, the slider d1 is used and
the universal joint PF is unlocked. Hence, hemispherical motions can be generated
in the hand grip, conducting wrist training exercises in all possible directions.
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Fig. 3 Pantograph in Wrist mode
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The equilibrium position of the UHP is achieved when the actuated bar is in
vertical position (Fig. 3), defining the origin of the base reference frame P0 (xTr =
−−−→
P0 PTr = [0 0 0]T ).

3 Kinematic and dynamic modeling
As mentioned previously, a proper mathematical model of the robot is required to
implement the robot patient-force interaction controller. Therefore, in this section
UHP kinematic and dynamic models are presented. First, in section 3.1 the drive
system SEA model is obtained. Then, in section 3.2 the model of the Pantograph in
Wrist mode is calculated.

3.1 The drive system SEA model
Kinematic Model of the SEA
First, the drive system kinematics is analyzed, which is composed by two perpendicular SEA systems, with one rotary actuator in each, and two sets of springs, being
the upper ones sensorized by means of linear potentiometers.
Hence, the main goal of this section is to define the relationship between measurable variables, motor rotation angle (qm = [qm1 qm1 ]T ), upper springs variable
−−−→
length (nSA and nSB ), and output contact motion (xTr = P0 PTr ).
From Fig. 2, considering that the cables are stiff and both SEAs dimensions identical,
−−−→ −−−→ −−−→
P0 PTr = P0 PA + PA PTr
(1)
−−−→ −−−→ −−−→
P0 PTr = P0 PB + PB PTr
Operating these equations,

  
x
l
→
− −−−→ −−−→ −−−→  Tr   1 
lA = PA PTr = P0 PTr − P0 PA = yTr + 0
zTr
0
(2)


  
x
0
→
− −−−→ −−−→ −−−→  Tr   
lB = PB PTr = P0 PTr − P0 PB = yTr − l1
zTr
0
where l1 is the distance from the equilibrium point to the position of the motor, and
→
−
li is the distance between Pi and the transmission point PTr , i = A, B,C, D (Fig. 2).
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If each vector module is calculated, the relationship between distances lA and lB
and xTr = [xTr yTr zTr ]T is obtained,
q
→
−
lA = lA = (xTr + l1 )2 + y2Tr + z2Tr
→
−
lB = lB =

(3)
q

2 + (y − l )2 + z2
xTr
Tr
1
Tr

On the other hand, the variable length of springs SA and SB (nSA , nSB ) depends on
distances lA , lB and the rotation angle of the motors (qm1 , qm2 ),
nSA = lA + qm1 rm − l1
(4)
nSB = lB + qm2 rm − l1
where rm is the pulley radius.
Therefore, using Eqs. 3 and 4, the relationship between the motion transmission
(xTr ) and the measured variables (qm1 , qm2 , nSA , nSB ) can be calculated,
q
nSA − qm1 rm = (xTr + l1 )2 + y2Tr + z2Tr − l1
(5)
q
nSB − qm2 rm =

2 + (y − l )2 + z2 − l
xTr
Tr
1
1
Tr

As xTr has three variables (xTr , yTr and zTr ), a third equation is required to solve
the equation system. For that purpose the motion of the actuated bar is analyzed. The
actuated bar presents a spherical joint PE with respect to a fixed structure. Hence,
the motion of PTr (xTr ) is constrained to the surface of a sphere of radius l3 ,
2
xTr
+ y2Tr + (l3 − zTr )2 = l32

(6)

Eqs. 5 and 6 define the input-output kinematic model of the SEA. However, in
order to fully define the motion of the SEA subsystem, the nonsensorized lower
springs deformation nSC and nSD must be calculated. For that purpose, a similar
procedure as the one applied for the sensorized ones is applied,
q
→
−
−−−→
−−−→ −−−→
lC = lC = PC PTr = P0 PTr − P0 PC = (xTr − l2 )2 + y2Tr + z2Tr
→
−
−−−→
−−−→ −−−→
lD = lD = PD PTr = P0 PTr − P0 PD =

(7)
q

2 + (y + l )2 + z2
xTr
Tr
2
Tr

Hence, the variable length of the lower springs (nSC , nSD ) in terms of the motors
rotation angle (qm1 , qm2 ) and the transmission motion (xTr ),
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nSC = lC + qm1 rm − l2 =

q

nSD = lD + qm2 rm − l2 =

q

7

(xTr − l2 )2 + y2Tr + z2Tr + qm1 rm − l2
(8)
2 + (y + l )2 + z2 + q r − l
xTr
Tr
m2 m
2
2
Tr

Dynamic Model of the SEA
Once defined the kinematic model of the SEA, its dynamic model can be calculated.
As the SEA is based on a motor-spring actuation, the exerted force will be obtained
based on the spring forces that are transmitted through the cables.
The magnitude of each spring force FSi depends on its variable length nSi and its
spring constant kSi , while its direction depends on the transmission motion xTr ,
FSi (nSi , xTr ) = kSi nSi ui

(9)

where ui is the unitary direction vector of PTr Pi , i = A, B,C, D, which depends on
xTr , as calculated in section 3.1.
As the transmission point is fixed to the cables, the transmitted force vector FTr
can be calculated by adding the forces transmitted by all cables attached to this
point,
D

FTr = FSA + FSB + FSC + FSD =

∑ FSi

(10)

i=A

On the other hand, the actuation torque exerted by each motor j = 1, 2 is calculated by using their inertia coefficient Im j , the torsional viscous friction coefficient
Bm j , and the Coulomb friction torque defined with coefficient Fc j and β j [16],
τm j − τS j = Im j q̈m j + Bm j q̇m j + Fc j tanh(β j q̇m j )

(11)

where τS1 = τSAC in motor m1 and τS2 = τSBD in motor m2 define the equivalent
torques exerted by the springs,
τSAC = τSA + τSC = FSA rm + FSC rm
τSBD = τSB + τSD = FSB rm + FSD rm

(12)

3.2 Pantograph model in Wrist mode
In this section the kinematic and dynamic models of the Pantograph on Wrist mode
are analyzed.
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Kinematic Model of the Pantograph
First, its kinematic model, that relates the motion the contact point PCn , whose position is defined by xCn = [xCn yCn zCn ]T , and the transmission point PTr , whose
position is defined by vector xTr = [xTr yTr zTr ]T , is calculated based on the kinematic loop equation from Fig. 3,
−−−→ −−−→ −−−→
PE PF + PF PG + PG PE = 0

(13)




 
0
xCn
xTr
(l
+
d
)
l
1 8
 yCn  = − 4

0
yTr  + 
l3 l6
zCn
zTr
l3 + l10 + l8 (l4 +dl 1 −l10 )

(14)

Solving for xCn ,


6

As it can be seen in Eq. 14, d1 must be calculated to solve the equation system.
As l6 is a constant distance,
s
2 
2 
2
l4 + d1
l4 + d1
l4 + d 1
→
−
xTr +
yTr +
zTr + l10 − (l4 + d1 )
l6 = l6 =
l3
l3
l3
(15)
Combining this expression with Eq. 6 and operating, d1 can be obtained in terms
of the Cartesian components of xTr ,
s
2
−l10 zTr
l10 zTr
2 + l2
d1 = l10 − l4 +
±
− l10 − l10
(16)
6
l3
l3
Hence, Eqs. 14 and 16, define the relation between the input (xTr ) and the output
motion (xCn ) of the Pantograph is obtained.
The speed problem is completely defined from the calculation of the Jacobian
matrices relating the output variables speed (ẋCn ) with the time derivative of the
input variables (ẋTr ). Therefore, derivating Eqs. 14 and 16 with respect to time the
Jx Jacobian can be calculated,
ẋCn = Jx ẋTr
|{z}

(17)

3x3

Dynamic Model of the Pantograph
The dynamic model of the Pantograph is used to determine the relationship between
the transmission force (FTr ) and the contact force vectors (FCn ) depending on the
transmission motion (xTr ). For that purpose, the Lagrangian formulation is used.
In Wrist mode not all the elements of the robot move, as the fixed base and
the parallel bar are locked, so their energy will be zero. In addition, the transverse
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bar (ET ) can only rotate along its axes (no potential energy) and the actuated bar
elements (E1 , E2 , E3 ) present both rotation and translation motions due to the slider,
the universal joints and the rotation of the transverse bar (Fig. 3).
Hence, kinetic (K) and potential (U) energies,
L = KET + KE1 + KE2 + KE3 − (UE1 + UE2 + UE3 )

(18)

where,
KEi =

1 T
1
T
mEi vCM
I ωCMEi
v
+ ωCM
Ei Ei
Ei CMEi
2
2
UEi = mEi g hCMEi

(19)
(20)

where, mEi is the mass, IEi is the inertia, CMEi is the mass center and hCMEi , vCMEi
and ωCMEi are the height, linear velocity and angular velocity of the mass center of
the element Ei .
Kinetic and potential energies of elements E1 and E2 are defined depending on
the transmission motion (xTr ) and the ones of E3 and ET can be obtained based on
the contact motion (xCn ). The calculation of each term can be easily accomplished,
and it is not detailed in this work due to space constraints. So, the Lagrangian function of the Pantograph will depend on these two sets of variables (L(xTr , ẋTr , xCn ,
ẋCn )).
Therefore, in order to calculate the dynamic model, the Lagrangian formulation
is applied to the Lagrangian defined in Eq. 18,


∂L
∂L
∂Γ (xTr , xCn )
d
−
= λi
+ FTr (21)
DTr ẍTr + CTr ẋTr + GTr =
dt ∂ ẋTr
∂ xTr ∑
∂ xTr


d
∂L
∂L
∂Γ (xTr , xCn )
DCn ẍCn + CCn ẋCn + GCn =
−
= λi
+ FCn
dt ∂ ẋCn
∂ xCn ∑
∂ xCn
(22)
where, Γ (xTr , xCn ) = 0 is the closure equation that relates the input and output
variables (Eq. 13), and inertia Di , Coriolis Ci and gravity Gi terms can be easily
calculated by grouping acceleration, velocity and gravitational terms.
If the model is to be defined in terms of xTr , and considering that ∂ xCn /∂ xTr =
Jx ,
FTr = DẍTr + CẋTr + G + FE

(23)

where,
D = DTr + Jx T DCn Jx
C = CTr + Jx T CCn Jx + Jx T DCn J˙x
G = GTr + Jx T GCn
FE = −Jx T FCn
This equation defines the relationship between the transmission force (FTr ), the
transmission motion (xTr ) and the contact force (FCn ).
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4 Experimental Validation
Several experimental tests have been carried out to demonstrate the effectiveness
of the calculated kinematic and dynamic models. For that purpose, the calculated
models have been implemented in Matlab, and its results are compared with those
obtained from the experimental tests with the UHP prototype.
In order to perform the experimental validation data captured from the UHP robot
is used: both motors encoders that measure the motors rotation angle (qm ) and the
linear-potentiometers that measure the variable lengths of springs SA and SB (nSA ,
nSB ). In addition, a force sensor has been integrated to measure contact force (FCn )
and a 3 axis inclinometer has been attached to the Pantograph, so that the x and y
inclination angle can be measured, and the xTr and yTr variables are estimated easily.
Parameters of the UHP elements have been experimentally identified, while the
motor-pulley parameters have been identified using the Grey-box procedure [16].
Real prototype parameters are summarized in Table 1 (The inertia tensors are defined as centroidal, hence, only diagonal components are detailed).
Table 1 Parameters of the UHP prototype.
Parameter

Value

Parameter

Value

l1

0.575m

r p1

0.047m

l2

0.15m

r p2

0.0325m

l3

0.18m

Im1

0.003615Ns2 /rad

l4

0.46m

Im2

0.002742Ns2 /rad

l5

0.64m

Bm1

1.02 · 10−7 Ns/rad

l6

0.202m

Bm2

5.27 · 10−9 Ns/rad

l7

0.12m

Fc1

0.840395Nm

l8

0.268m

Fc2

0.731213Nm

l9

0.268m

β1

4223.98

l10

0.662m

β2

4318.25

kSi

4000N/m

mE1

0.882kg

IE1

[13.5 0.49 13.4 ] 10−3 kg m2

mE2

1.25kg

IE2

[ 9.7 0.59 9.51] 10−3 kg m2

mE3

1.23kg

IE3

[ 4.9 1.96 3.61] 10−3 kg m2

mET

1.55kg

IET

[ 40 13.5 28 ] 10−3 kg m2

Three tests have been carried out to validate the models. First, the UHP kinematic
model in Wrist mode is validated. For this purpose, motors are induced to perform
a sinusoidal motion with 5s period and no contact force is applied. Motor rotation
angles (qm ), variable length of the upper springs (nSA , nSB ) and actuated bar angles
are measured and used to estimate the contact motion (xCn ).
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In Fig. 4, the real and estimated values of xCn x and y componentes are observed.
As it can be seen, the mean error is smaller than one millimeter and the maximum
error is 6mm.
30

xCn real
yCn real

20

xCn model
yCn model

Position (mm)

10

0

-10

-20

-30
0

1

2

3

4

5

6

7

8

9

10

Time (s)

Fig. 4 Kinematic model validation test results.

The second test is used to validate the dynamic model of the drive system SEA.
As forces of the SEA are related to the spring motion, the test is based on the estimation of the spring measurements and forces. For this test, the Pantograph is locked
in the equilibrium position (xTr = [0 0 0]T ) and the motors execute a sinusoidal motion with 5s period. In this case, motors torques (τm ) and rotation angles (qm ) and
variable length of the upper springs (nSA , nSB ) are measured, along with the actuated
bar orientation using the inclinometer.
Based on the inclinometer data, the real xTr is obtained. Combining it with the
measured motor position qm and torque τm , the spring force FSi is estimated, and
using the spring constant, the variable length of the springs SA and SB (nSA , nSB ) is
calculated.
In Fig. 5, the real and estimated values of nSA and nSB are observed. In this case,
the mean error is half millimeter and the maximum error is smaller than 3 mm.
In the final test, the dynamic model of the UHP robot in Wrist mode is validated.
In order to achieve this, the UHP will execute a trajectory, while the user exerts
external force. In this case, motor rotation angles (qm ), variable length of the upper
springs (nSA , nSB ), actuated bar angles and the contact force (FCn ) are measured.
Using these measurements the transmission force (FTr ) is calculated based on the
dynamic model of SEA, validated in the previous section. In addition, the transmission force is also estimated by using the contact force measurement and the dynamic
model of the Pantograph on the Wrist mode. The latter is considered to be the more
accurate.
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Fig. 5 Drive systems dynamic model validation test results.

In Fig. 6, the values of FTr obtained with the dynamic model of the SEA and with
the dynamic model of the Pantograph are observed. As it can be seen, the mean error
is 5N and the error is always less than the 10%.
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FTr P. Wrist model
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FTr SEA model

-100
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-120
0
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10

15
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Fig. 6 UHP dynamic model validation test results.

5 Conclusions
In this work kinematic and dynamic models of a multifunctional rehabilitation robot
UHP (Universal Haptic Pantograph) are presented. The UHP provides various func-
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tionality modes that provide different rehabilitation exercises. This work focuses on
the Wrist mode.
The UHP robot modeling is divided in two parts: the drive system, which is based
on a Serial Elastic Actuator system, and a Pantograph. To solve the kinematic model,
the closure equations are used, while Lagrangian formulation is used to calculate the
dynamic model of the robot.
To verify the models, a set of experimental tests have been carried out. Results
show that the model works properly in all relevant scenarios. The motion mean error
in the contact point (PCn ) is one millimeter while the transmission force (FTr ) error
is smaller than the 10%.
The calculated kinematic and dynamic model are critical to perform proper control of the robot-patient interaction. The proposed models will be used to estimate
the force and motion of this interaction without the direct measurement of the contact force, hence, reducing the economical cost of the robot.
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